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Polycarbonate is an amorphous polymer which exhibits a pronounced strength-diﬀerential eﬀect between compression
and tension. Also strain rate and temperature inﬂuence the mechanical response of the polycarbonate. The concept of
stress mode dependent weighting functions is used in the proposed model to simulate the asymmetric eﬀects for diﬀerent
loading speeds. In this concept, an additive decomposition of the ﬂow rule is assumed into a sum of weighted stress mode
related quantities. The characterization of the stress modes is obtained in the octahedral plane of the deviatoric stress space
in terms of the mode angle, such that stress mode dependent scalar weighting functions can be constructed. The resulting
evolution equations are updated using a backward Euler scheme and the algorithmic tangent operator is derived for the
ﬁnite element equilibrium iteration. The numerical implementation of the resulting set of constitutive equations is used in a
ﬁnite element program for parameter identiﬁcation. The proposed model is veriﬁed by showing a good agreement with the
experimental data. After that the model is used to simulate the laser transmission welding process.
 2007 Elsevier Ltd. All rights reserved.
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Glassy polymers are the main components in many industrial and commercial products such as eye glasses,
automotive lighting and bus windows. Many of these products are done by warm mechanical processes such
as laser transmission welding, blow moulding, extrusion, drawing and calendering. Over the past few years,
laser transmission welding of thermoplastics has become established as a new joining technique in plastics
technology. In order to simulate such process, a three dimensional constitutive model should be constructed
taking into account the eﬀect of strain rates and temperatures.0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2007.02.017
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the related normal stress versus normal strain relation is assumed to be identical in magnitude as in the
compression test. Furthermore, the same tension test is used to derive a shear stress versus shear strain
curve.
However, extended experimental tests for various materials exhibit diﬀerent behaviours for diﬀerent load-
ing types such as tension, compression and shear. An example is given e.g. in Spitzig et al. (1975) for a mar-
tensitic steel. For polycarbonate the yield stress in compression is greater than that in tension as observed e.g
in Spitzig and Richmond (1979), see also Section 2 of this paper. This observation is labelled strength-diﬀer-
ence eﬀect (SD-eﬀect). Further examples, which show the diﬀerent response in tension and compression and
the independent response of a shear test are presented in Altenbach et al. (1995) for diﬀerent metallic, polymer
and glass ﬁbre-reinforced composite and geomaterials.
Subsequently the above phenomena will be denoted as asymmetric eﬀects. They are characterized by the
observation, that a certain type of experiment, such as a tension test, is not suﬃcient in order to characterize
the material for diﬀerent loading scenarios. Instead, additional independent types of experiments, such as com-
pression, shear and hydrostatic tests, are necessary in order to get a more comprehensive (though in general
still not complete) characterization of the material. It should be emphasized, that the asymmetric eﬀects exam-
ined in this paper are restricted to isotropic materials, and therefore carefully have to be distinguished from the
eﬀects of initial (material) anisotropy and induced anisotropy (such as a Bauschinger eﬀect or damaged
induced anisotropy).
Several publications can be found in the literature for simulation of inelastic material behaviour with asym-
metric eﬀects. Most of these approaches are based on a stress potential dependent on the stress tensor and
further state variables, which describe e.g. the state of hardening, softening or damage, respectively. Typically,
dependent on the symmetry of the considered material (e.g. isotropy, cubic, transversal symmetry) polynomial
invariants of the stress tensor are incorporated into the potential. Along this line constitutive equations within
the ﬁeld of plasticity have been formulated e.g. in Spitzig et al. (1975), Altenbach et al. (1995), Mahnken
(2001), Zolochevskii (1989) amongst others. Approaches for asymmetric eﬀects in creep are suggested in
Altenbach et al. (1995), Betten et al. (1998), Voyiadjis and Zolochevsky (1998), Voyiadjis and Zolochevsky
(2000), Zolochevsky (1991) amongst others.
In this work the concept of stress mode dependent weighting functions introduced in Mahnken (2003) for
creep simulation is incorporated into the framework of elasto-viscoplasticity. To this end a scalar variable,
which is expressed in terms of the ratio of the second and third basic invariant of the deviatoric stress tensor,
is used as an indicator for detection of diﬀerences in the loading mode. This quantity, the Lode angle or stress
mode angle, has been applied e.g. in Zolochevskii (1990), Ehlers (1995), Mahnken (2001) and Mahnken (2003).
Furthermore, as a key idea an additive decomposition of the inelastic strain rate is assumed, where each of the
related quantities incorporates weighting functions dependent on the stress mode angle. The advantage of this
approach is, that certain (though not all) material parameters, such as the Norton-type constants, can be
obtained individually from speciﬁc loading modes such as tension, compression and shear, investigated exper-
imentally in the laboratory.
A speciﬁc prototype model of the constitutive equations is shown, and we brieﬂy address the numerical
implementation of the constitutive equations into the UMAT subroutine of the commercial ﬁnite element pro-
gram (ABAQUS-Version 6.5, 2004).
The structure of the paper is as follows: Section 2 presents the experimental work done on a polycar-
bonate specimens. Section 3 summarizes the general framework for stress mode dependent elasto-visco-
plasticity, and a speciﬁc prototype model is proposed in Section 4. Aspects of the numerical
implementation into ﬁnite element programs are brieﬂy described in Section 5. In Section 6 the unknown
parameters of the model are identiﬁed. After that a simulation of the laser transmission welding is done in
Section 7.
1.1. Notations
Square brackets [Æ] are used throughout the paper to denote ‘function of’ in order to distinguish from math-
ematical groupings with parenthesis (Æ).
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Fig. 1. Experimental results of polycarbonate at three diﬀerent temperatures and two diﬀerent strain rates for each temperature.
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Experiments were performed on tensile bars produced from General Electric polycarbonate Lexan 104 R.
Uniaxial tensile experiments were performed on a Zwick Roell servo-hydraulic tensile tester, equipped with an
extensometer. For uniaxial compression test, samples (6 · 6 · 10 mm3) were machined from plates
(85 · 30 · 10 mm3). The compression tests were performed using the same servo-hydraulic system. The spec-
imens were compressed between two parallel, ﬂat steel plates. Both tensile and compression tests are done
under true strain control, at diﬀerent strain rates and temperatures. Each experiment used a new sample.
Fig. 1 presents the results of both, the uniaxial tensile and compression true stress–true strain curves of
polycarbonate at two diﬀerent strain rates (8.3 · 103 and 8.3 · 102 s1) and at three diﬀerent temperatures
(23, 70 and 120 C). The results are shown for strains less than 8%. Concerning the stress–strain behaviour, the
mechanical response at the low strain rates is: ﬁrst an initial elastic response followed by yielding after which a
plastic instability occurs, see e.g. Haward and Young (1997).
There are some observations which could be noticed in Fig. 1. The ﬁrst observation is that the yield stress
increases with increasing the strain rate. A similar increase of the yield stress is observed at lower tempera-
tures. The second observation is that the yield stress in compression is higher than that in tension for the same
strain rate and temperature. Increasing the strain rate, decreasing the temperature or applying a compression
to the specimen gives the molecular chains less room in which to move which reduces the mobility of the poly-
mer chains by making the chains stiﬀer, see e.g. Richeton et al. (2006). That means, the material needs extra
energy to yield so the yield stress will be increased.
3. Framework for stress mode dependent elasto-viscoplasticity
3.1. Kinematics
The constitutive equations in this work are formulated within a geometrically linear theory for small
strains. Thus the standard additive decomposition of the second order total strain tensor e is assumed, i.e.e ¼ eel þ ein ð1Þ
where eel and ein are the elastic and inelastic second order strain tensor, respectively.
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Thermodynamic formulations for isothermal processes are based on the principle of positive dissipation D
per unit reference volumeD ¼ P  _WP 0 ð2Þwhich ensures, that the stress power P is not less than the rate of the stored energy _W. The stress-power P is
given as a dual-pairing P ¼ r : _e in terms of the stress tensor r and the rate of the strain tensor _e.
Let us assume the functional relationship W = W[eel,q] for the Helmholtz free energy, where eel is the elastic
strain tensor of Eq. (1), and q assembles the strain-like internal variables. Upon using the additive decompo-
sition Eq. (1) the inequality (2) results intoD ¼ r oW
oeel
 
: _eþ oW
oeel
: _ein  oW
oq
H _qP 0: ð3ÞHere the symbol (w) denotes the appropriate inner product of conjugate inner variables. On deﬁning relations
for the stress tensor r and the stress like internal variable Q as1: r ¼ oW
oeel
2: Q ¼ oW
p
oq
ð4Þand employing the standard argument (see Trusdell and Noll, 1960), that the above relation holds for all pro-
cesses e, the dissipation inequality (3) reduces toDred ¼ r : _ein QH _qP 0: ð5Þ3.3. Flow rule for asymmetric elasto-viscoplasticity
Many publications have been devoted to the issue of formulating appropriate evolution equations. An
extensive overview on diﬀerent concepts, such as the creep potential theory and the tensor function theory,
has been published by Betten (2001). In the following exposition a stress mode related approach according
to the following structure is proposed1: Flow rule _ein ¼
XS
i¼1
wi _F idi
2: Flow factor associated to each mode _F i ¼ _F i½r; q; T . . . ; j; i ¼ 1; . . . ; S
3: Flow direction di ¼ di½r; q; . . . ; j; i ¼ 1; . . . ; S
4: Evolution of internal variables _q ¼ _q½r; q; T . . . ; j
5: Weighting functions wi ¼ wi½r; i ¼ 1; . . . ; S:
ð6ÞEq. (6.1) represents the additive decomposition of the inelastic strain rate tensor into S stress mode related
quantities. Each of them incorporates a scalar ﬂow factor _F i and a tensorial ﬂow direction di, both are depen-
dent on the stress tensor r, a set of structural (internal) variables q and also a vector of material parameters j.
Both _F i and _q are dependent on the temperature T. Furthermore, in the above skeleton structure (6.5) a
weighting function wi is associated to each mode i, which is dependent on the stress tensor r. For the whole
set of S weighting functions it is stipulated that
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XS
i¼1
wi½r ¼ 1
2: wi½rj ¼ dij:
ð7ÞHere the stress tensors ri, i = 1,2, . . . ,S refer to independent characteristic stress modes, which can be inves-
tigated experimentally for example in tension, compression and shear, respectively. Furthermore we remark,
that Eqs. (7.1) and (7.2) constitute a completeness condition and a normalization condition, respectively. For the
two cases of
1. tension, compression and torsion (S = 3)
2. tension and compression (S = 2)
speciﬁc mathematical structures for weighting functions have been introduced in Mahnken (2003) which are
also recalled in Appendix A of this work.
The above Eqs. (6) are regarded as very general, thus including also anisotropic material behaviour. In par-
ticular these can be viewed as an extension of the framework based on elastic projection operators, see e.g.
Mahnken (2002) and references therein. However, in the sequel of this work we restrict ourselves to isotropic
materials.
4. Modelling of stress mode dependent elasto-viscoplasticity
4.1. Prototype model
Upon applying the framework for stress mode dependent elasto-viscoplasticity the purpose of this section is
the formulation of speciﬁc constitutive equations capable to simulate asymmetric eﬀects in elasto-viscoplastic-
ity with isotropic hardening within a geometrically linear theory, and, furthermore, to satisfy thermodynamic
restrictions.
The complete set of equations is summarized in Table 1: Eq. (III) speciﬁes the free energy function W. The
decoupled form for the elastic part Wel is based on the additive split of the elastic strain tensor eel, where B and
G denote the bulk and shear modulus, respectively taking into account that G = G(E,m), where E is Young’s
modulus and m is Poisson’s ratio. The quantity ev is a strain-like internal variable. Eqs. (4.1) and (4.2) render
the stress tensor r and a vector of stress like internal variables Q = R as summarized in Eq. (IV). For simplic-
ity one isotropic scalar variable R is introduced, which is related to all stress modes. Here, also the fourth
order projection tensor Idev ¼ I ð1=3Þ1 1 is deﬁned, where I and 1 are fourth order and second order unit
tensors, respectively.
A yield function U is chosen according to Eq. (V), where rv and Y0 are von Mises stress and the yield stress
respectively. The scalar variable R introduced in Eq. (IV) represents a mixed nonlinear and linear isotropic
hardening. The von Mises stress rv is deﬁned in Eq. (VII.2), where J2 is the second basic invariant of the devi-
atoric stress tensor rdev introduced in the appendix (Eq. (A.1.3)).
The evolution of the inelastic strain tensor _ein is given in Eq. (VI), where the ﬂow direction d is
assumed to be identical for all stress modes as presented in Eq. (VII.1). This is done in order to reduce
the resulting number of the material parameters. Therefore the generality of Eqs. (6) is not fully
exploited.
The ﬂow factor _F t is assumed in Eq. (VI.2) to be dependent on the diﬀerent stress modes, where the ﬂow
factor associated to each mode _F i is given in Eq. (VIII.1). The constants Ai and mi are material parameters
associated to the ith mode, thus yielding a Norton–Bailey structure for each ﬂow parameter _F i. This relation
is motivated by a linear ‘‘log(r) vs. logð_eÞ’’ relation in the secondary creep phase, see e.g. Poirier (1985).
The eﬀect of the temperature is introduced in the exponential term ðexpð DURgTÞÞ in Eq. (VIII.1), where T is
the temperature, DU is the activation energy and Rg is the universal gas constant.
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Furthermore we note that the evolution of the equivalent inelastic strain _ev is equal to that of the ﬂow factor
_F t.
All material constants of the prototype model characterizing the inelastic behaviour of the model are sum-
marized in Eq. (X). These material constants have to be calibrated on the basis of experimental data and they
are restricted to lower and upper bounds ak, bk, respectively. These constraints then deﬁne the feasible domain
K, such thatTable
Consti
and (A
I. Kine
e = eel
II. Str
q = ev
III. Fr
1. W =
2: We
3: Wp
IV. Str
1: r ¼
2: R
V. Yie
U = rv
VI. Ine
1: _ein
2: _F t
VII. F
1: d ¼
2: r2v
VIII. F
1: _F i ¼
2: hU
IX. Eq
_ev2 ¼ 23
X. Ma
j = [Bj 2 K  IRnp ; K :¼ j : ak 6 jk 6 bk; k ¼ 1; . . . ; np
  ð8Þwhere np = dim[j] denotes the number of material parameters for our speciﬁc model. We also remark, that the
constant r0 in Eq. (VIII) has the interpretation of a normalization variable, and thus is not regarded as an
independent parameter.4.2. Thermodynamic consistency
According to the second law of thermodynamics the dissipation inequality (5) must be satisﬁed for the evo-
lution equations. Upon using the evolution equations (VI.1) and (IX) in Table 1, the completeness condition
(7.2) and the deﬁnition (VII.2) we obtain1
tutive relations for stress mode dependent elasto-viscoplasticity. The weighting functions wi are speciﬁed in the appendix (Eq. (A.5)
.6))
matic decomposition
+ ein
ain like internal variable
ee Energy function
Wel[eel] +Wp[ev], where
l ¼ Wvol½eel þWiso½eel ¼ 12B tr eel
  2 þ G tr eel 2 	
¼ q ev þ 1b exp bevð Þ
  qbþ 12He2v
ess tensor and stress like internal variable
dWel
deel
¼ 2Geeldev þ Btr ðeelÞ1 ¼ C : eel; where C ¼ 2GIdev þ B1 1
¼ dWpdev ¼ q 1 exp bevð Þð Þ þ Hev
ld function
 Y0  R
lastic strain evolution
¼ _F td; where
¼PSi¼1wi _F i
low direction
3
2rv
rdev; where
¼ 32 rdev : rdev ¼ 3J2
low factor associated to each mode
Ai exp  DURgT
 	
hUi
r0
 	mi
; where
i ¼ U; if U > 0
0; if U 6 0


uivalent inelastic strain
_ein : _ein ¼ _F 2t
terial parameters
,G,Ai,mi,{i = 1,. . .,S},Y0,q,b,H, DU]
T
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¼ r : _ein  R _ev
¼ r : _F td R _ev
¼ _ev r : d Rð Þ
¼ _ev r : 3
2rv
rdev  R
 
¼
XS
i¼1
wiAi exp  DURgT
  hrv  Y 0  Ri
r0
 mi
rv  Rð ÞP 0:5. Numerical implementation
This section is concerned with numerical integration of the rate-equation for ein in Table 1. Following stan-
dard integration procedures in ﬁnite element techniques a strain-driven algorithm is considered, where the total
strain tensor n+1e and initial values nein at each time step n+1t are given. Then it is the object to ﬁnd the cor-
responding quantities n+1ein at time n+1t consistent with the constitutive equations of the previous sections. In
order to alleviate the notation, the index n + 1, referring to the actual time step, will be omitted subsequently.
5.1. Integration scheme
For numerical integration of the rate-equation for ein summarized in Table 1 an Euler backward rule, which
is unconditionally stable, renders the following update schemeein¼nein þ Dein: ð9Þ
Here the increments of inelastic strain are obtained from1: Dein ¼ DF td
2: DF t ¼
XS
i¼1
DF iwi
3: DF i ¼ DtAi exp  DURgT
  hUi
r0
 mi
3: wi ¼ wi½n ðsee Eqs: ðA:7Þ and ðA:8ÞÞ
4: r2v ¼
3
2
rdev : rdev ¼ 3J 2
5: d ¼ 3
2rv
rdev
6: R ¼ q 1 exp bevð Þð Þ þ Hev
7: ev¼nev þ Dev
8: Dev ¼ DF t
ð10Þand where Dt = n+1t  nt denotes the time increment. Upon combining Eqs. (9), (10.1) and (10.6) with Eqs. (I)
and (IV.1) of Table 1 the deviatoric part of the stress tensor is obtained from the relations1: rdev ¼ rtrdev 
3GDF t
rv
rdev; where
2: rtrdev ¼ 2GðedevneinÞ
ð11Þand where rtrdev is typically referred to as the trial stress tensor, see e.g. Simo and Hughes (1998) and references
therein. The above representation (11.1) shows, that rdev and r
tr
dev are coaxial, and this induces the relation
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rv
¼ r
tr
dev
rtrv
) rdev ¼ rvrtrv
rtrdev ð12a; bÞwhere analogously to Eq. (10.5) ðrtrv Þ2 ¼ ð3=2Þrtrdev : rtrdev has been deﬁned.
Upon inserting the relation (12.b) into Eq. (A.1.2), the stress mode factor n can be expressed explicitly in
terms of the trial stress tensor as1: n ¼
ﬃﬃﬃﬃﬃ
27
p
2
J tr3
ðJ tr2 Þ3=2
; where
2: J tri ¼
1
i
1 : ðrtrdevÞi; i ¼ 2; 3:
ð13ÞThus it remains to determine Dev iteratively as described in the following subsection.
5.2. Local iteration and algorithmic tangent modulus
The unknown Dev appearing in Eqs. (10) is obtained from a nonlinear equation as follows: Upon combining
Eqs. (11.1) and (12.b) the following nonlinear problem is formulatedr ¼
XS
i¼1
DF iwi  Dev ¼ 0: ð14ÞThis problem can be solved iteratively with a Newton methodDeðkþ1Þv ¼ DeðkÞv  J ðkÞ
 1
rðkÞ; where J ðkÞ ¼ or
oDev
j
DeðkÞv
; k ¼ 0; 1; 2; . . . ð15a; bÞwhere r is the residual, k is the iteration number. The expressions for the elements of the Jacobian J are ob-
tained as partial derivative from the residual similar to the approach in Mahnken (2003) and therefore we will
not elaborate on more details at this stage. Having solved the above local problem (14), the relations (9), (10.8)
are used for update of the history variables, and ﬁnally the deviatoric stresses are obtained from Eq. (12.b).
The algorithmic tangent modulus necessary for applying a Newton method for iterative solution of the glo-
bal equilibrium problem requires the derivative of the stress tensor r with respect to the total strain tensor e,
i.e. CT ¼ dr=de, see e.g. Simo and Hughes (1998) and references therein. Straightforward diﬀerentiation ren-
ders the following resultCT ¼ B1 1þ 2G 1 3GDevrtrv
 
Idev þ ð3GÞ
2
ðrtrv Þ3
Devrtrdev  rtrdev 
3G
rtrv
rtrdev 
dDev
de
: ð16ÞThe quantity dDev/de is obtained as follows: we consider the local problem (14) as an implicit function and
concluder½e;Dev½e ¼ 0! dr
de
¼ or
oe
þ or
oDev
dDev
de
¼ 0! dDev
de
¼ J1 or
oe
ð17a; b; cÞwhere J is the Jacobian deﬁned in Eq. (15b). The expressions for or/oe are obtained as partial derivative from
the residual similar to the approach in Mahnken (2003) and are not elaborated in more details at this stage.
We close this section with the remark, that the local iteration procedure and the algorithmic tangent mod-
ulus can easily be implemented into the UMAT subroutine of the ﬁnite element program ABAQUS.
6. Parameter identiﬁcation
For parameter identiﬁcation based on experimental testing a least-squares functional is considered as an
identiﬁcation criterion in order to minimize the distance of the simulated data to the experimental data. A gen-
eral framework and technical details for the minimization of the least-squares functional is presented else-
where, see e.g. Mahnken et al. (1998) and Mahnken (2004) for more details which shall not be considered here.
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Fig. 2. Comparison between the experimental and numerical results of the polycarbonate.
Table 2
Material parameters for polycarbonate corresponding to tension and compression modes
E (MPa) m (–) Y0 (MPa) r0 (MPa) b (–) q (MPa) H (MPa)
1831.926 0.38 5.718 10.0 236.297 21.689 43.636
A1 (–) m1 (–) A2 (–) m2 (–) Rg (J/mol K) DU (J/mol)
0.00589 21.45 0.0727 17.751 8.314 82.063 · 103
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tify the optimized parameters of the proposed model. The simulation is performed with the constitutive equa-
tions of Table 1, where S = 2 has been chosen for the number of modes, thus referring to the two types of
experiments in tension and compression, respectively.
The comparison between the experimental and numerical results shown in Fig. 2 illustrates the capability of
the proposed model to simulate the diﬀerent characteristic behaviours for both stress modes with a very sat-
isfying agreement.
The ﬁnal results of the optimization process for all material parameters of Table 1 are summarized in Table
2. It becomes apparent, that both stress modes require an individual set of Norton parameters (Ai,mi), i = 1,2
thus reﬂecting also here the asymmetric nature of the material.
7. Simulation of laser transmission welding
7.1. Principle of laser transmission welding
The laser transmission welding (LTW) of thermoplastics is a new joining technique in plastics technology,
which selectively exploits certain advantages over conventional methods. In the LTW, a laser-transparent and
a laser-absorbent semi-ﬁnished product are joined together, thus ensuring that the adherends come into con-
tact with each other (see Fig. 3).
Fig. 3. Principle of the laser transmission welding.
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absorbed by the absorbent semi-ﬁnished product. The adherend that is transparent to the laser beam heats up
through thermal conduction, therefore the adherends weld together. A characteristic feature of the LTW is
that the heating and joining phases take place simultaneously. There are many types of the LTW process.
Mention should be made here for contour welding, simultaneous welding, quasi-simultaneous welding and
mask welding. In contour welding, the laser beam is moved along the weld with relatively slow speeds
(v = 0.1–500 mm/s). The weld is only heated up on a partial basis, i.e. only part of the weld is melted, and
there is no melting displacement. The reader is referred to Potente and Fiegler (2004) for a detailed description
of the LTW process.
The physical properties of the amorphous polymers varywith temperature and strain rate asmentioned before
but there is a very abrupt change in behaviour at a critical temperature known as the glass transition temperature
Tg (seeKinloch andYoung, 1983). For example,when apolymer is cooled from themelt through theTg there is an
abrupt change in Young’s modulus E[T]. The polymer changes from being a rubbery liquid to a rigid glass.
Young’s modulus will be assumed to be a function of the temperature as given in the following equationE½T  ¼
1831:926 MPa if T 6 140 C
183:56 Tþ 27536:0 if 140 C < T 6 150 C
2:0 MPa; if T > 150 C:
8><
>: ð18ÞHere the transition region is assumed to be between 140 C and 150 C for the polycarbonate. The value of E
at a temperature lower or equal to 140 C is taken from the results of the parameter identiﬁcation while the
value of E at a temperature greater than 150 C is assumed to have a value of 2.0 MPa. The E distribution
within the transition region is assumed to be linear as given in Eq. (18). The viscoplastic behaviour of the poly-
mer above the glass transition temperature will be an aspect of the future work.7.2. Modelling of laser transmission welding
A simulation of the contour LTW is performed with the ﬁnite element program ABAQUS. The reduced
two dimensional ﬁnite element model of the LTW, shown in Fig. 4, was chosen for symmertric reasons to
reduce the calculation time as well as the storage capacity.
The transparent part is shown in the left of Fig. 4 while the absorbant part is shown in the right. The joining
surface coincides with the vertical centerline. The total length of the two parts is 12 mm while the width is
xy
upper surface vertical centerline
transparent part absorbent part
12mm
horizontal
centerline
1.35 mm
Fig. 4. The ﬁnite element model of the laser transmission welding.
6158 A. Shaban et al. / International Journal of Solids and Structures 44 (2007) 6148–61621.35 mm. A coupled thermo-mechanical analysis is done, therefore the coupled temperature-displacement
strain element (ABAQUS type CPE8RT) is chosen. This means that the shown mesh of the LTW consists
of 8-node biquadratic displacemnt, bilinear temperature, reduced integration with linear pressure elements.
The mesh has 105 · 17 elements which means that the number of elements is 1785 and the number of nodes
is 5600. The constitutive equations of Table 1 have been implemented into UMAT subroutine with the opti-
mized parameters of Table 2 for the polycarbonate material. ABAQUS provides the opportunity to deﬁne the
material properties in dependence of the temperature. Therefore, the thermodynamic parameters of state such
as the density, the speciﬁc heat capacity as well as the heat conductivity was implemented as temperature
dependent properties for the expected temperature range.
The lower surface is chosen as a symmetry boundary about the x-axis while the left and the right surfaces
are constrained in the x-direction. The thermal eﬀects of the convection and radiation in the upper surface are
taken into account. The laser power is treated as a body heat ﬂux with a Gaussian distribution for its intensity.
The scanning velocity of the laser beam is 30 mm/s.7.3. Results and discussion
Fig. 5 shows the temperature proﬁle within 2.0 s at three diﬀerent positions on the horizontal centerline. It
could be seen that the temperature increases continuously until it reaches its maximum value then it decreasesFig. 5. Temperature distribution versus time at three diﬀerent positions on the horizontal centerline.
Fig. 6. Stress distribution versus time at x = 0.15 mm in two diﬀerent locations.
A. Shaban et al. / International Journal of Solids and Structures 44 (2007) 6148–6162 6159with time. In other words, the heating phase lasts about 0.3 s after which the cooling phase starts and contin-
ues. It is observed that the maximum temperature is found at a distance of 0.15 mm from the vertical center-
line which means that the maximum temperature is not located in the joining area but in the absorbing
adherend behind (see Potente and Fiegler, 2004).
Fig. 6 shows the stress distribution in x-direction within 2.0 s at a position of x = 0.15 mm in two diﬀerent
locations, at the horizontal centerline and at the upper surface. At the horizontal centerline, the stress
increases as a compression up to 0.2 s at which the temperature reaches its glass transition value Tg. At that
time the stress changes abruptly and reaches a zero value. The stress continues to be zero within the period in
which the temperature is higher than the Tg. At a time of 1.0 s at which the temperature is lower than its Tg,
the stress starts to increase again as a compression then it relaxes with time. It is observed in Fig. 6 that there
are some diﬀerences between the stress distribution at the upper surface and at the horizontal centerline.
Firstly, the stress is tension at the upper surface and secondly the stress starts to relax at about 1.0 s. The sim-
ulated results of the LTW shall be veriﬁed with respect to experiments whenever it is possible.
8. Summary and conclusions
In this contribution a constitutive framework has been presented, which enables to simulate the elasto-
viscoplastic deformation of polymers at diﬀerent temperatures with characteristic behaviour dependent on
the loading state. The key idea here is an additive decomposition of the inelastic strain rate where each of
the quantities is weighted with a scalar valued function, which is dependent on the so-called stress mode angle
(or Lode angle). A main advantage of the concept is, that the stress modes can directly be associated to certain
characteristic loading scenarios, such as tension, compression and shear, which are experimentally investigated
in the laboratory.
For a speciﬁc prototype model thermodynamic consistency is veriﬁed, and the resulting integration algo-
rithms and the algorithmic tangent operator have been implemented into the UMAT subroutine of the com-
mercial ﬁnite element program ABAQUS. The proposed model is used to simulate the laser transmission
welding process. The capability of the proposed approach is assessed by specifying the position of the maxi-
mum temperature and by detecting the diﬀerent stress modes at diﬀerent locations.
Future work should take into account the viscoplastic behaviour of the polymer above the glass transition
temperature based on experiments for diﬀerent stress states such as shear tests. Furthermore the aspects of
induced anisotropy and large strains will constitute an area of future research work.
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Paderborn.Appendix A. Formulation of stress mode related weighting functions
The weighting functions wi for the ﬂow rule Eq. (6.1) are ﬁrstly introduced in Eq. (7) to be dependent on the
stress tensor r. In the following we will concentrate on the three independent stress modes of tension, com-
pression and shear with applications to isotropic materials. In order to have a quantity which serves as an indi-
cator for the related stress mode, we deﬁne the Lode angle1: h ¼ 1
3
arccos½n; where
2: n ¼
ﬃﬃﬃﬃﬃ
27
p
2
J 3
ðJ 2Þ3=2
3: J i ¼ 1i 1 : ðrdevÞ
i
; i ¼ 2; 3: ðA:1ÞThe quantity h is referred to as the stress mode angle which is dependent on the stress mode factor n. A graph-
ical interpretation of h is given at the top of Fig. 7. In particular it becomes apparent, that the independent
stress modes of tension, compression and shear are characterised by the angles1: tension : h1 ¼ 2p
3
n; n ¼ 0; 1; 2; . . .
2: compression : h2 ¼ 2p
3
nþ p
3
; n ¼ 0; 1; 2; . . .
3: shear : h3 ¼ p
3
nþ p
6
; n ¼ 0; 1; 2; . . . ðA:2Þand for each of them the following periodicity angles1: tension : ~h1 ¼ 2p
3
2: compression : ~h2 ¼ 2p
3
3: shear : ~h3 ¼ p
3
ðA:3Þare obtained. Based on these observations, in addition to the relations (7) the following is required for the
weighting functions1:
XS
i¼1
wi½h ¼ 1
2: wi½hj ¼ dij
3: wi½h ¼ wi½hþ ~hi: ðA:4ÞFor the stress modes related to the loading scenarios of tension, compression and shear, we set S = 3. Then,
the requirements (A.4) are satisﬁed by the following weighting functions
3
2
1.0
0.0
0
0
3 3
333
1.0
0.0
2
2
i
i
6
4
3
1 5
542
3
1
2
3
1
w[ ]
w
w
w
compression
tension
shear
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σ
σ
σ
θ
θ
θ
θ
θ
π
π π π ππ π
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Fig. 7. Top: Octahedral plane in the deviatoric stress space. Here r01;r
0
2;r
0
3 denote the principal deviatoric stresses. Circles, squares and
triangles represent stress modes of tension, compression, and shear, respectively. Middle: Weighting functions (A.5) in terms of the stress
mode angle h for tension, compression and shear mode. Bottom: Weighting functions (A.6) in terms of the stress mode angle h for tension
and compression.
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1
2
þ 1
2
cos 3h; if  p
6
þ n~h1 6 h 6 p6 þ n~h1
0; else
(
2: compression : w2½h ¼ 0; if 
p
6
þ n~h1 6 h 6 p6 þ n~h1
1
2
þ 1
2
cos 3h; else
(
3: shear : w3½h ¼ 1
2
þ 1
2
cosð3h pÞ ðA:5Þand where n = 0, 1, 2, . . . are integer values. A graphical representation of the weighting functions (A.5) is gi-
ven in the middle graph of Fig. 7. For the case, that experimental data are available only for the loading of
tension and compression, with S = 2 the following weighting functions can be used1: tension : w1½h ¼ 12þ 12 cos 3h
2: compression : w2½h ¼ 12þ 12 cosð3h pÞ ðA:6Þwhich satisfy also the requirements (A.4), and which are illustrated at the bottom of Fig. 7.
6162 A. Shaban et al. / International Journal of Solids and Structures 44 (2007) 6148–6162Upon using the deﬁnition (A.1.1), alternatively the functional relationships (A.5) and (A.6) can be rewritten
in terms of the stress mode factor n as(1: tension : w1½n ¼ n
2 if nP 0
0; else
2: compression : w2½n ¼
0; if nP 0
n2; else


3: shear : w3½n ¼ 1 n2 ðA:7Þor
11: tension : w1½n ¼ 2ð1þ nÞ;
2: compression : w2½n ¼ 12ð1 nÞ ðA:8Þ
respectively.
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